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Feshbah resonanes in ultraold gases
1



as |a| ≫ R there's more. . .(E�mov, 1970s)

. . . Universal saling: En
En+1

= 22.72, an
an+1

= 1
22.7Review: Braaten and Hammer (2006).Universality: physis depends on a and an additional (3-body or low-energy) parameter. 2
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Disrete saling: an+1
an

= 22.7,
En+1

En
= 22.7−2Review: Braaten and Hammer (2006).Universality: physis depends on a and an additional (3-body or low-energy) parameter. 3



Innsbruk experiment (Nature 2006)First experimental evidene for E�mov physis in old gases.Measurement of the reombination rate for A+A+A⇋A+D(A:atom, D:dimer) in a thermal gas of bosoni aesium.

Universality? 1) B0 < 0, 2)|a| ∼ R, 3)abg ∼ 1800a0 ≫ R

dn/dt ∝ −n3ρ4
rec

ρrec ∝ a · C(a), with C(a) log-periodi in a
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T3: T-matrix for atom-dimer sattering

2-body s-wave interation → STM eq. (Skorniakov&Ter-Martirosian, 1956):

T3(k, k
′
; E) = G(. . .) +

Z ∞

0

dk
′′
G(. . .)G(. . .)T2(. . .)T3(. . .).

G: atom propagator, T2 : atom-atom sattering matrix (or dimer propagator), more to ome. . .

Sattering length: aAD ∝ T3(0, 0; Eb).Brodsky, Kagan, Klaptsov, Combesot & Leyronas (PRA 2006); Levinsen & Gurarie (PRA 2006).5



3-body reombination rate: AAA⇋AD

Trec(p, q; Eb) ∝ T2(. . .) T3(. . .)

dn

dt
= −n3

3!

Z

Ω

dΩ

6π2
kf |Trec|2 = −

 √
3~

2m

!

n3ρ4
rec(n3/3! is the density of triples in the gas)
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Dimer propagator for Feshbah resonanes with large abg

Sattering length: a = abg

“

1 − ∆B
B−B0

”

avoided rossing between the two bound states

T2 = Too + Toc

Bruun, Jakson, and Kolomeitsev (PRA 2005), Duine and Stoof (Phys. Rep. 2004).7



Pole struture of T2
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T2(E) =
8π~

2

m

1
h

abg

“

1 − ∆B
B−B0−E/∆µ

”i−1

+ ik

k=

√
mE
~depending on the sign of abg, T2 has 1 or 2 bound states: orret low-energy spetrum 8



Cut-o� dependene

The STM eq. with simple T2 ∼ 1
a−1+ikhas a well-known UV ut-o� dependene:

T3(. . .) = . . . +

Z Λ

0

dq . . . T2(. . .)T3(. . .).
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(Danilov 1961, Fedorov and Jensen 2001)

Same problem with our more re�ned T2(E),
. T2(E) =

8π~
2

m

1
h

abg

“

1 − ∆B
B−B0−E/∆µ

”i−1

+ ik 9



Cut-o� dependene

The STM eq. with simple T2 ∼ 1
a−1+ikhas a well-known UV ut-o� dependene:
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Z Λ

0

dq . . . T2(. . .)T3(. . .).

0

-10-4

-10-2

-1

-102

-104

1001010-1-10-100

E
ne

rg
y 

[µ
K

]

Detuning B-B0[G]

2-body
3-body

Possible solutions
• �nite momentum ut-o� Λ or, equivalently, high energy orretion to T2(E) �xed by anobservable of the system
• for narrow resonanes (R∗ ≫ R), a natural ut-o� is present:

f(E) ≈ − 1
1
a + ik + R∗k2

with R
∗
=

~
2

mabg∆B∆µRefs.: Danilov 1961, Fedorov and Jensen 2001, Petrov 200410



Same problem with our more re�ned T2(E)

. T2(E) =
8π~

2

m

1
h

abg

“

1 − ∆B
B−B0−E/∆µ

”i−1

+ ik

k=

√
mE
~

Ok, let's inlude a k2 orretion for T2 (whih introdues an e�etive ut-o� at

kmax ∼ 1/R̃):
T2(E) =

8π~
2

m

1
[

abg

(

1 − ∆B
B−B0−E/∆µ

)]−1

+ ik + R̃k2
with ( R̃ = R̃fit > 0 if R∗ . R

R̃ = R∗ ≡ ~
2

mabg∆B∆µ if R∗ & R(if R̃<0 the additional deep pole of T2 has negative-norm)11



133Cs energy levels: omparison with Innsbruk experiments

(R∗=0.15a0, R̃fit=0.14a0)
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133Cs energy levels: omparison with Innsbruk experiments

(R∗=0.15a0, R̃fit=0.14a0)

-106

-104

-102

-1

0

0 50 100

E
/h

 (
H

z)

Magnetic field (G)

2-body
3-body

0

0

50 100

B (G)

B (G)

¬1

¬102

¬104

¬106

E
/

h
 (

H
z
) 0 50 100

2

1

0

¬1

¬2

a
 (

1,
0

0
0

 a
0
)

n = 1

n′ = 0

n′ = 1

resaled y-axis: E1/10 vs B .Theory (left): P. Massignan and H. Stoof, PRA 78, 030701 (2008)Experiment (right): S. Knoop, F. Ferlaino, M. Mark et al., Nature Phys. 5, 227 (2009)13



3-body reombination: theory vs. experiment
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✔ good aord with the temperature dependene(see also: Jonsell; Yamashita, Frederio and Tomio; Braaten and Hammer; Lee, Köhler and Julienne)

• Additional predition: an interferene Stükelberg minimum at negative a (a ≃ −130a0)P. Massignan and H. Stoof, PRA 78, 030701 (2008)14



Stükelberg minima: destrutive interferenebetween two possible paths in the reombination proess
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Stükelberg minima: destrutive interferenebetween two possible paths in the reombination proess
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when abg ≫ R, even for negative a! (in Cs abg ∼ 1800a0)16



Atom-dimer sattering lengths

Sattering lengths: 3π~
2a±

AD

m
= ZT3(0, 0; E

±
b ).
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Results for 39K: reombination length and aADPreditions for ongoing experiments � LENS with potassium 39(B0 = 403G, abg = −29a0, R∗ = 29a0 > R = 13a0) η = 0.06
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39K reombination length measured at LENS
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Note added*

The high-energy dependene disussed by Petrov is already in our T-matrix (without the k2 orretion),as may be seen in the limit | E
∆µ(B−B0)

| ≪ |B−B0
∆B

| ≪ 1, where:

1

T2(E)
∝ 1

abg

“

1 − ∆B
B−B0−E/∆µ

”+ik ∼ 1

a
+ ik + R∗k2

Consequene:

• for narrow resonanes, our model (without R̃) should redue to Petrov's

• it is not justi�ed to assume R̃ = R∗. The agreement between our a-priori preditions for

39K resonanes and the measured values seems therefore aidental.*: thanks to Y. Castin, F. Werner, D. Petrov, E. Braaten, L. Prioupenko20



Can the problem be �xed?
Yes!

In the broad resonane limit, keep as a �t parameter either of the following:

• the oe�ient of the quadrati orretion in the momentum R̃

• a hard-ore ut-o� Λ in the STM integral eq. T3(. . .) = . . . +
R Λ
0 dq . . . T2(. . .)T3(. . .)

• a �soft� high-energy ut-o� (�nite range) in T2(E) (see e.g. talk by M. Jona-Lasinio)
21



Is the model with R̃ = R̃fit useful?

Yes!

22



In onlusionWe have:
• introdued a model that arefully desribes Feshbah resonane with large abg and reproduesthe energy dependene of the assoiated 3-body bound states

• reovered the temperature dependene of the 3-body reombination for 133Cs

• predited the existene of interferene Stükelberg minima at negative a

• alulated the atom-dimer sattering lengths for both 133Cs and 39K

• predited atom-dimer rossings for 133Cs at positive magneti �eldsInteresting developments:

• alulation of atom-dimer loss rates by inlusion of deeper bound states
23
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Open-hannel sattering

TOO =
Tbg

1 − TbgΠ(E)

with Tbg=
4π~

2abg
m

pair propagator: Π(E) =

Z

d3
k

(2π)3

„

1

E + i0+ − k2/m
+

1

k2/m

«

=
m3/2

√
−E

4π~3
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TOC(E) =

„

g

1 − TbgΠ(E)

«2 1

E − ∆µ(B − B0) − ~Σ(E)

bare oupling between open and losed hannels: g g2 =
4π~

2abg∆B∆µ

mself-energy of the losed h. moleule: ~Σ(E) = g Π(E)
1−TbgΠ(E)g
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